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Cosmologial perturbations from vetor ination
Alexey Golovnev and Vitaly Vanhurin
Arnold-Sommerfeld-Center for Theoretial Physis, Department für Physik,
Ludwig-Maximilians-Universität Münhen, Theresienstr. 37, D-80333, Munih, Germany
We analyze the behavior of linear perturbations in vetor ination. In ontrast to the salar
eld ination, the linearized theory with vetor elds ontains ouplings between salar, vetor and
tensor modes. The perturbations deouple only in the ultraviolet limit, whih allows us to arry
out the anonial quantization. Superhorizon perturbations an be approximately analyzed due
to suppressed mixing between dierent modes in the small elds models. We nd that the vetor
perturbations of the metri deay exponentially, but the salar and tensor modes ould remain
weakly oupled throughout the evolution. As a result, the vetor ination an produe signiant
orrelations of the salar and tensor modes in the CMB. For the realisti models the eet is rather
small, but not negligible.
I. INTRODUCTION
Theory of ination relates the laws of physis at very small distanes to observations at extremely large sales. An
essential ingredient of the standard inationary paradigm is a salar eld [1℄ whih looks like a disturbing restrition,
espeially beause salar elds are known not to be abundant in nature. In an attempt to ure the problem we
proposed a new model of ination where the quasi de Sitter expansion is driven by vetor elds [2℄. It seems as the
most natural step beyond the salars, although the possibility of ination with other elds were also analyzed in the
literature. For example, the spinors [3℄, the dark spinors [4℄, or even the spin uid in the Einstein-Cartan theory
with torsion [5℄ an be employed to drive quasi de Sitter expansion. The most interesting generalization of the vetor
ination [2℄ to higher forms was implemented in Ref. [6℄.
To onstrut isotropi solutions one an onsider purely time-like vetor elds [7, 8, 9, 10℄ whih do not behave
like genuine vetors but rather resemble some modied salars. More realistially, an approximate isotropy an be
ahieved with a triad of mutually orthogonal vetor elds [11℄ or with a large number of randomly oriented elds [2℄.
The well-known problem of the slow-roll [12℄ was resolved [2℄ by non-minimal oupling of vetor elds to gravity. In
general, the model an be desribed by the following ation
S =
∫ √−g
[
−R
2
(
1 +
N∑
n=1
1
6
I(n)
)
− 1
4
N∑
n=1
F (n)µν F
µν
(n) −
N∑
n=1
V
(
I(n)
)]
dx4. (1)
where I(n) ≡ −A(n)µ Aµ(n) and F
(n)
µν ≡ ∇µA(n)ν − ∇νA(n)µ . In a spatially at Friedmann universe the evolution of the
homogeneous bakground elds in onformal oordinates is desribed by
A0 = 0
B′′i + 2HB′i + 2V,Ia2Bi = 0 (2)
where I = BiBi ≡ B2,Bi ≡ Aia , and H ≡ a
′
a
, and the Einstein equations an be written as
3H2 = 8piN
(
V a2 +
B′2
2
)
, (3)
2H′ +H2 = 8piN
(
V a2 − B
′2
2
)
. (4)
From the point of view of the bakground evolution, the proposed model is very similar to the salar eld ination.
However, in ontrast to the standard ination, the expansion in vetor ination must no longer be isotropi, whih
ould lead to very distint observational preditions. The urrent observational bounds on isotropy of ination are
very weak and one an easily allow ∼ 10% of anisotropy. For example, the vetor ination with N ∼ 100 randomly
oriented vetor elds an give rise to anisotropy of the order of
1√
N
∼ 10% at the end of ination. The anisotropy is
washed out shortly after the end of ination when the energy-momentum tensor beomes isotropi, but the signatures
of anisotropi inationary stage might still be observable.
2A somewhat loser look at the proposed senario had shown that models of large elds vetor ination (e.g.
V = −m2AµAµ2 ) are generially unstable due to tahyoni behavior of gravitational waves [13℄. Nevertheless, the
models of the small elds ination (i.e. Coleman-Weinberg potential) are stable under tensor perturbations of the
metri. The main objetive of the urrent paper is to investigate the behavior of a general type of linear perturbations
in vetor ination.
1
However, the proposed analysis an be applied to the model of ination with vetor impurity [16℄
and to the models with vetor urvaton [17℄.
The artile is organized as follows. In the next setion we derive the linearized equations of motion. In the third
setion we onentrate on the ultraviolet limit and quantize the perturbations of vetor elds. The evolution of the
long wavelength modes is analyzed in the forth setion for the small oupling limit. In the nal setion we summarize
the main results and disuss observational onsequenes of the orrelations between salar and tensor modes.
II. LINEARIZED EQUATIONS
To study the evolution of osmologial perturbations we onsider small variations of the metri around a spatially
at Friedmann bakground. In onformal oordinates the line element is given by
ds2 = a (η)
2 (
(1 + 2φ) dη2 + 2Vidηdxi − ((1− 2ψ) δik − hik) dxidxk
)
where V i,i = 0, hii = 0, hij,i = 0. General perturbations of the vetor elds are desribed by
δAα =
(
δA0, χ,i + δA
T
i
)
(5)
where δATi,i = 0. Overall there are 2 + 2N salar (φ, ψ, δA0 and χ), 2 + 2N vetor (Vi and δA
T
i ) and 2 tensor (hij)
variables.
The perturbed Rii salar and Einstein tensor are given by
a2δR = 6ψ′′ − 4△ ψ + 2△ φ+ 6H (φ′ + 3ψ′) + 24φH2, (6)
a2δG00 = 2△ ψ − 6Hψ′ − 6H2φ
a2δG0k = 2 (ψ
′ +Hφ) ,k + 1
2
△Vk (7)
a2δGik =
(−2ψ′′ +△ (ψ − φ)− 2H (φ′ + 2ψ′)− 6φH2) δik + (φ− ψ),ik
− 1
2
V ′{i,k} −HV{i,k} +
1
2
h′′ik +Hh′ik − 1
2
△ hik.
Variation of the energy-momentum tensor is a straight-forward but rather bulky exerise. For an isotropi bakground
we have
∑N
n=1A
(n)
i A
(n)
k ∝ δik and the equations ould be somewhat simplied sine 〈AiAk〉 =
〈
A2i
〉
δik =
1
3 〈B2〉δik.
This assumption also implies
∑N
n=1 hikA
(n)
i A
(n)
k = 0, sine hik is traeless. Linear terms in the Einstein equations
read as (see Appendix A):
a4
N
δT 00 =
〈
2
(
1
2
A′2i +
1
2
H2A2i −HAiA′i
)
(ψ − φ) −Hψ′A2i + ψ′AiA′i + 2a2V,IψA2i (8)
−A′iδA0,i +H2AiδAi + 2a2V,I (AiδAi)− H (AiδAi)′ +A′iδA′i +
1
3
Ai △ δAi
〉
a4
N
δT 0k =
〈
A′iδA
T
[i,k] −
(
a′′
a
− 2a2V,I
)
Ak (δA0 +AiVi)− 1
12
A2i △Vk
+
(
−HA2iψ +
1
3
AiA
′
i (2ψ − φ) + 1
3
(AiδAi)
′ −HAiδAi
)
,k
〉
(9)
1
Some problems related to the linear perturbations in vetor ination have been already studied in Refs. [18, 19℄. See also [14, 15℄ for
linear perturbation analyses in other non-salar inationary models.
3a4
N
δT ik =
〈[
2
(
−5
6
A′2j −
1
2
H2A2j −
1
3
AjA
′′
j +HAjA′j
)
(ψ − φ) + 1
6
A2j △ (φ+ ψ) +
1
3
AjA
′
j (φ
′ − 2ψ′)
+HA2jψ′ + 2
(
a′′
a
− 2a2V,I
)
A2iψ + 2A
′2
i (ψ − φ) +A′jδA0,j +
(HA−A′j) δA′j − 13 (AjδAj)′′ (10)
+H (A′j −HAj) δAj + 1
3
Aj △ δAj +A2i
(
1
3
△ (2ψ − φ)−H (3ψ′ + φ′)− 2a
′′
a
φ− ψ′′
)
+ 2a2V,I
(
ψA2l + AlδAl
)]
δik −
1
6
A2j (ψ + φ),ik − 4AiAkV,II
(
ψA2l +Al
(
δAl +
1
2
hljAj
))
+
(
a′′
a
− 2a2V,I
)(
A{iδAk} + hijAkAj
)− 1
3
AjδAj ,ik +A
′
{iδA
′
k} −A′{iδA0,k}
+
1
6
AjA
′
j
(V{i,k} − h′ik)+ 1
12
A2j
(V{i,k} − h′ik)′ + 1
12
A2j △ hik +A′kA′jhij
〉
where the summation over j is implied. V , V,I and V,II are evaluated at the bakground values of I = B
2
and the
terms with V,II an be further simplied by areful averaging.
The perturbed equations of motion for eah of the vetor elds are
(φ+ ψ),iA
′
i +△ (δA0 − χ′) +
(
a′′
a
− 2a2V,I
)
(δA0 + ViAi) = 0 (11)
− 2φA′′i − (φ′ + ψ′)A′i − δA0′,i −△δATi −A′kVi,k + h′ikA′k + δA′′i (12)
+
(
2a2V,I − a
′′
a
)
δAi + 2
d2V
dI2
Ai
(
2ψA2l + 2AlδAl +AlAjhlj
)
+
(
ψ′′ +
1
3
△ (φ− 2ψ) +H (φ′ + 3ψ′) + 2φa
′′
a
)
Ai = 0.
Equations (8), (9), (10), (11) and (12) form a very ompliated, but losed system. In what follows we analyze the
perturbations in the ultraviolet (Setion III) and infrared (Setion IV) limits. In the Appendix B, for the purpose of
ompleteness, we onsider purely adiabati perturbations whih are not onsistent with equations of motion.
III. QUANTUM PERTURBATIONS
In the short wavelength limit the terms ontaining less than two derivatives vanish and Eqs. (11) and (12) imply
δA0 = χ
′
(13)
χ′′,i − δA′0,i + δATi
′′ −△δATi +
(
ψ′′ +
1
3
△ (φ− 2ψ)
)
Ai = 0,
where the later equation an be deomposed into vetor and salar parts:
δATi
′′ −△δATi = 0
ψ′′ +
1
3
△ (φ− 2ψ) = 0. (14)
The 00 omponent of the Einstein equation
2
a2
△ ψ ≈
N∑
n=1
1
3a4
A
(n)
i △ δA(n)i
4yields
ψ =
1
6a2
∑
n
A
(n)
i δA
(n)
i =
1
6
∑
n
B
(n)
i δB
(n)
i (15)
and the ik omponent gives the usual wave equation for gravitational waves together with an unusual ondition
φ = −ψ (16)
whih reets the onformal nature of the theory in the large k limit.
The 0i omponent of the Einstein equation simply implies that the vetor perturbations of the metri are absent
in the small wavelength limit. It follows from Eqs (14), (16), (13) and (B1) that χ, ψ and φ must satisfy the wave
equations
χ = ψ = φ = 0.
In summary, our model in the ultraviolet limit ontains N nearly massless vetor elds evolving aording to wave
equations, the free gravitational waves propagating in a loally Minkowski spae, and salar perturbations of the
metri soured by quantum utuations of the vetor elds desribed by Eqs (15) and (16). To quantize the theory
in this limit, we have to quantize 3N independent harmoni osillators with an ultra-relativisti dispersion relation
ωk ≈ k. Due to the Heisenberg unertainty priniple the amplitude of quantum utuation δBk ≈ 1√ωk ≈ 1√k . From
Eq. (15) the amplitude of ψ for randomly oriented utuations is of order
√
N
k
B.
IV. SUPERHORIZON PERTURBATIONS
The evolution of perturbations on the superhorizon sales is a bit more involved. To simplify the analysis and
ensure stability of gravitational waves [13℄ we assume the small eld values B ≪ 1√
N
, and a large number of the elds
N ≫ 1. In this limit the usual slow-roll onditions imply (see Ref. [13℄ )
V,I
V
B2 ≪ 1
V,II
V
B4 ≪ 1.
and the terms with V,II are highly suppressed.
The equations for superhorizon modes (k ≪ 1) an be obtained from Eqs. (11) and (12) by negleting the terms
involving spaial derivatives. The orresponding equations are
(φ+ ψ),iA
′
i + 2H2 (δA0 + ViAi) = 0 (17)
(
ψ′′ + 2Hψ′ − 4φa2V,I
)
Aj =
−δA′′j −
(
2a2V,I − a′′a
)
δAj + δA
′
0,j +△δATj +
(
Vj,k − h′jk
)
A′k (18)
where the bakground equations (2), (3) and (4) have been used.
2
2
Note, that in ontrast to the salar eld ination the perturbations of dierent types (salar, vetor and tensor) do not deouple. The
reason is very lear: even in the rst order in perturbations one an ouple vetor and tensor quantities to the bakground elds [11℄.
5A. Deaying modes
The temporal omponent of the Einstein equations to the leading order is
φ =
V,I
V
(
ψB2 +
1
3a2
〈
Aj
(
δAj − 1HδA
′
j
)〉)
− ψ
′
H . (19)
where the relation A′i −HAi = aB′i = − 23a2V,IAi was used. The Eqs. (17) and (18) an be further simplied
δA0 = −ViAi, (20)
(
ψ′′ + 2Hψ′ + 4a2V,I V,I
V
(
B2ψ +
1
3a2
〈
Ai
(
δAi − 1HδA
′
i
)〉))
Aj
+δA′′j +
(
2a2V,I − a
′′
a
)
δAj + h
′
jkA
′
k = 0 (21)
and the divergene of Eq. (21) implies(
ψ′′,j + 2Hψ′,j + 4a2V,I
V,I
V
(
B2ψ,j +
1
3a2
〈
Ai
(
δAi − 1HδA
′
i
)
,j
〉))
Aj
+△ χ′′ +
(
2a2V,I − a
′′
a
)
△ χ = 0. (22)
From the onsisteny ondition (∇µδAµ = 0):
△ χ = δA′0 + 2HδA0 = 0 (23)
and
ψ′′ + 2Hψ′ + 4a2V,I V,I
V
(
B2ψ +
1
3a2
〈
Ai
(
δAi − 1HδA
′
i
)〉)
= 0. (24)
From Eqs. (20) and (23) we onlude that in the large wavelength limit the temporal δA0 and longitudinal χ
omponents of vetor elds as well as vetor perturbations of the metri Vi are exponentially suppressed.
B. Tensor-vetor mixing
In the remainder of the setion we onsider the evolution of only transverse omponents of the vetor elds δA = δATi
weakly oupled to the salar and tensor perturbations of the metri, suh that the oupling an be onsidered
perturbativly.
The vetorial part of Eq. (21)
δAT ′′j +
(
2a2V,I − a
′
a
)
δATj + h
′
jkA
′
k = 0 (25)
and the spatial part of the Einstein equations at the leading order
a2
2N
(h′′ik + 2Hh′ik) =
〈
−1
3
(
ψ′′B2 + 2HB2ψ′ + (AjδAj)′′
)
δik + 2A
′
i (2HδAk + δA′k)
〉
, (26)
an be redued to
6a2h′ik = 2N
〈(
AiδAk − 1
3
AjδAjδ
i
k
)′〉
, (27)
where the onstant of integration is suppressed by the sale fator and an be ignored.
It is onvenient to rewrite the two relevant equations (25) and (27) in terms of B elds and in physial time
oordinates
d
dt
〈
BiδBk − 1
3
BjδBjδ
i
k
〉
+ 2H
〈
BiδBk − 1
3
BjδBjδ
i
k
〉
=
1
2N
˙hik (28)
¨δBTi + 3H
˙δBTi + 2V,IδB
T
i = − ˙hik
(
B˙k +HBk
)
. (29)
In the limit of small mixing between vetor elds and gravitational waves the solution of Eq. (28) reads as
hik = 2N
〈
BiδBk − 1
3
BjδBjδ
i
k
〉
+ 2NH
∫ t
0
〈
BiδBk − 1
3
BjδBjδ
i
k
〉
dt+ Cik. (30)
If the onstant of integration Cik (whih is determined by the initial onditions ) dominates, the evolution of
gravitation waves resembles the usual freeze-out of the super horizon modes. Aording to the Eq. (29) in the small
oupling limit, the transverse modes δBT hange very slowly, but the behavior might hange in the long run when
the seond term in Eq. (30), whih sales as
√
t, begins to dominate. Thus, the spetrum of gravitational waves on
the very large sales depends ruially on the initial onditions at the horizon rossing. Evaluation of the horizon size
modes is a hallenging task whih is beyond the sope of urrent disussion.
C. Salar-vetor mixing
In analogy to the previous subsetion we rewrite Eqs. (14) and (24) in terms of B elds in physial time oordinates
ψ¨ + 3Hψ˙ + 4V,I
(
V,I
V
B2
)ψ −
〈
Bj ˙δBj
〉
3B2

 = 0 (31)
ψ¨ +
(
3H + 4
V,I
H
)
ψ˙ + 4V,Iφ = 0. (32)
In the slow-roll regime the salar perturbation ψ varies slowly as a funtion of physial time. By negleting the
time-dependene of the oeients we an approximate the solution of Eq. (31) as
ψ = ψ0 e
− 4V,I3H
“
V,I
V
B2
”
t
+
2V,I
9HB2
〈BjδBj〉 , (33)
where ψ0 is the initial amplitude of salar perturbations at the horizon rossing and the seond term is obtained from
Eq. (29) in the limit of weak oupling of gravitational waves. The solution of Eq. (32) is
φ ≈
(
1 +
4V,I
3H2
)(
V,I
V
B2
)
C e
− 4V,I3H
“
V,I
V
B2
”
t
whih means that at very large times the salar perturbation ψ ≈ 13B−2
〈
Bj ˙δBj
〉
and φ ≈ 0 is exponentially sup-
pressed.
One should note that the deaying exponent is very small and for realisti senarios the rst term in Eq. (33)
gives the dominant ontribution. For example, the initial spetrum of perturbations in vetor ination with Coleman-
Weinberg potential is suh that ψ0 ≈ N6 〈BiδBi〉 ≫
2V,I
9HB2 〈BjδBj〉 and the solution of Eq. (32) is greatly simplied:
φ ≈ V,I
V
B2ψ.
The slow roll parameter
V,I
V
B2 eventually beomes of order one and the standard evolution of the deoupled salar
perturbations proeeds with ψ ≈ φ, where all of the results of the standard osmology apply.
7V. CONCLUSIONS
The analysis of the osmologial perturbation in models of ination driven by vetor elds proved to be a hallenging
task. One issue was reently raised in [20℄ where the stability of the longitudinal omponent was questioned. The
problem requires a muh more detailed examination before denite onlusions ould be drawn. In the Appendix
C we only give some simple arguments whih invalidate the onlusions of Refs. [20, 21℄, and a lot more tehnial
analysis will be given elsewhere [22℄.
Another issue, whih is the main subjet of the urrent paper, is related to non-trivial oupling between salar,
vetor and tensor modes [11℄. It was shown that the oupling is generially suppressed for the small elds models
with isotropi bakgrounds whih were previously proved to be stable to tensor perturbations [13℄. Nevertheless, the
mixing of the dierent modes ould still lead to detetable orrelations of the salar and tensor modes in the CMB.
The evolution of the superhorizon salar modes is weakly inuened by the trae of 〈BiδBk〉, whose traeless part
soures the tensor perturbations of the metri. At the same time, the temporal and longitudinal omponents of vetor
elds as well as vetor perturbations of the metri remain suppressed throughout the evolution.
We onlude that the models of vetor ination are viable osmologial senarios whih are ompatible with all of
the experimental tests performed so far. On the other hand, the ination driven by vetor elds ould give rise to
very distint observational signatures, suh as anisotropi expansion, to be tested by future experiments. (Although
our urrent analysis was restrited to isotropi bakgrounds.) In addition, a possible detetion of the orrelations
between salar and tensor modes of the CMB ould indiate the vetorial nature of the inationary stage.
Generally, new inationary models are expeted to give a too small tensor-to-salar ratio. The problem an be
solved with a nontrivial kineti term [23℄, but in the ase of vetor ination we have an alternative solution beause
the tensor perturbation an hopefully be enlarged due to the oupling of modes. Of ourse, some more detailed
analysis is needed for denite onlusions to be drawn onerning the observational possibilities. However, one an
also hope to failitate the tensor mode detetion in CMB due to potential orrelation with the easily observed salar
perturbations.
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8Appendix A: ENERGY-MOMENTUM TENSOR
The energy momentum tensor for vetor ination was rst derived in Ref. [2℄
Tαβ =
1
4
FµνFµνδ
α
β − FαγFβγ +
(
2
dV
dI
+
R
6
)
AαAβ + V δ
α
β
+
1
6
(
Rαβ −
1
2
δαβR
)
AγAγ +
1
6
(
δαβ−▽α▽β
)
AγAγ . (A1)
Most of the terms on the right hand side remain important throughout the evolution and thus, it is instrutive to
obtain exat rst order expressions for eah of these terms separately
3
1
4
FµνFµνδ
α
β = −
1
2
a−4
(
A′2i (1 + 2 (ψ − φ)) + 2A′iδA′i − 2A′iδA0,i + hijA′iA′j
)
δαβ
−F 0γF0γ = a−4
(
A′2i (1 + 2 (ψ − φ)) + 2A′iδA′i − 2A′iδA0,i + hijA′iA′j
)
−F 0γFkγ = a−4A′iδAT[i,k]
−F iγFkγ = a−4
(
A′iA′k + 2A
′
iA
′
k (ψ − φ) +A′iδA′k −A′iδA0,k +A′kδA′i −A′kδA0,i +A′kA′jhij
)
V δαβ =
(
V +
1
a2
V,I
(
2ψA2i +Ai (2δAi + hijAj)
))
δαβ
1
6
G00A
γAγ =
1
6
a−4
(H2 (−3A2i (1 + 2 (ψ − φ))− 3Ai (hijAj + 2δAi))+A2i (6Hψ′ − 2△ ψ))
1
6
G0kA
γAγ =
1
6
a−4A2i
(
−1
2
△ Vk − 2ψ′,k − 2Hφ,k
)
1
6
GikA
γAγ =
1
6
a−4A2j
([(
H2 − 2a
′′
a
)
(1 + 2 (ψ − φ)) + 2H (2ψ′ + φ′) +△ (φ− ψ) + 2ψ′′
+
(
H2 − 2a
′′
a
)
(2δAj +Alhjl)
]
δik
+ (ψ − φ),ik +H
(V{i,k} − h′ik)+ 1
2
V ′{i,k} −
1
2
h′′ik +
1
2
△ hik
)
(
2V,I +
R
6
)
A0A0 = 0
3
In the linearized theory the Einstein tensor is suh that (Gki = G
i
k
), sine Gki = g
kµGµi and G
(0)
µν is diagonal. On the other hand, T
(n)
µν
is not generally symmetri and (T
k(n)
i 6= T
i(n)
k ) due to the non-symmetri terms (i.e. hijA
(n)
j A
(n)
k ), but the overall sum
P
n T
k(n)
i over
isotropi ongurations of the elds has to be symmetri.
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2V,I +
R
6
)
A0Ak = a
−4
(
2a2V,I − a
′′
a
)
Ak (δA0 +AiVi)
(
2V,I +
R
6
)
AiAk = a
−4
((
a′′
a
− 2a2V,I
)(
AiAk +A{iδAk} + hijAkAj
)
+AiAk
(−4a2ψV,I − 2V,II (2ψA2l +Al (2δAl + hljAj))
+
1
3
△ (2ψ − φ)−H (3ψ′ + φ′) + 2a
′′
a
(ψ − φ)− ψ′′
))
1
6
(
δ00 −▽0▽0
)
AγAγ = a
−4
(
HAi (HAi −A′i) (1 + 2 (ψ − φ))− 2Hψ′A2i + ψ′AiA′i +
1
3
A2i △ ψ
+2H2AiδAi −H (AiδAi)′ + 1
3
Ai △ δAi
+ H2hijAiAj − 1
2
H (hijAiAj)′ + 1
6
AiAj △ hij
)
−1
6
▽0▽kAγAγ = 1
6
a−4
(
2HA2i (φ− 3ψ) + 2A2iψ′ + 2AiA′i (2ψ − φ) + 2 (AiδAi)′ − 6HAiδAi
+ (hijAiAj)
′ − 3HhijAiAj
)
,k
1
6
(
δik −▽i▽k
)
AγAγ =
1
6
a−4
([
2
(
a′′
a
− 2H2
)
A2j − 2A′2j − 2AjA′′j + 6HAjA′j (1 + 2 (ψ − φ))
+2HA2j (ψ′ − φ′) + 2AjA′j (φ′ − 2ψ′)− 2A2jψ′′ + 2A2j △ ψ
−2 (AjδAj)′′ + 6H (AjδAj)′ + 4
(
a′′
a
− 2H2
)
AjδAj + 2Aj △ δAj
− (hjlAjAl)′′ + 3H (hjlAjAl)′ + 2
(
a′′
a
− 2H2
)
hjlAjAl +AjAl △ hjl
]
δik
− (2A2jψ + 2AjδAj + hjlAjAl),ik + (AjA′j −HA2j) (V{i,k} − h′ik)
)
By ombining all of these terms together we obtain
a4T 00 =
(
1
2
A′2i +
1
2
H2A2i −HAiA′i
)
(1 + 2 (ψ − φ))−Hψ′A2i + ψ′AiA′i −A′iδA0,i
+H2AiδAi + a4V + 2a2V,I
(
ψA2i +AiδAi +
1
2
hijAiAj
)
−H (AiδAi)′
+A′iδAi′ +
1
3
Ai △ δAi + 1
2
H2hijAiAj − 1
2
H (hijAiAj)′ + 1
2
hijA
′
iA
′
j +
1
6
AiAj △ hij
a4T 0k = A
′
iδA
T
[i,k] −
(
a′′
a
− 2a2V,I
)
Ak (δA0 +AiVi)− 1
12
A2i △ Vk
+
(
−HA2iψ +
1
3
AiA
′
i (2ψ − φ) + 1
3
(AiδAi)
′ −HAiδAi + 1
6
(hijAiAj)
′ − 1
2
HhijAiAj
)
,k
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a4T ik =
[(
−5
6
A′2j −
1
2
H2A2j −
1
3
AjA
′′
j +HAjA′j
)
(1 + 2 (ψ − φ))
+
1
6
A2j △ (φ+ ψ) +HA2jψ′ +
1
3
AjA
′
j (φ
′ − 2ψ′) +A′jδA0,j
+(HA−A′j) δAj ′ − 1
3
(AjδAj)
′′ +H (A′j −HAj) δAj + 1
3
Aj △ δAj
−1
6
(hjlAjAl)
′′
+
1
2
H (hjlAjAl)′ − 1
2
H2hjlAjAl + 1
6
AjAl △ hjl − 1
2
hjlA
′
jA
′
l
+ a2V,IhjlAjAl
+ a4V + 2a2V,I
(
ψA2l +AlδAl
)]
δik − 2AiAkV,II
(
2ψA2l +Al (2δAl + hljAj)
)
+AiAk
(
1
3
△ (2ψ − φ)−H (3ψ′ + φ′)− 2a
′′
a
φ− ψ′′
)
+
(
a′′
a
− 2a2V,I
)
AiAk (1 + 2ψ) +A
′
iA
′
k (1 + 2 (ψ − φ))
−1
6
A2j (ψ + φ),ik +
(
a′′
a
− 2a2V,I
)(
A{iδAk} + hijAkAj
)
+A′iδA′k +A
′
kδA
′
i − (A′iδA0,k +A′kδA0,i)−
(
1
3
AjδAj +
1
6
hjlAjAl
)
,ik
+
1
6
AjA
′
j
(V{i,k} − h′ik)+ 1
12
A2j
(V ′{i,k} − h′′ik)+ 1
12
A2j △ hik +A′kA′jhij .
Appendix B: ADIABATIC PERTURBATIONS
Consider the salar metri perturbations aompanied by adiabati modes δAi = fAi. It follows from equations of
motion that
▽ν
(
2V,I +
R
6
)
Aν = 0 (B1)
whih is simplied in the slow roll limit to
δA′0 + 2HδA0 ≈ δAj,j = f,jAj .
This means that we should also allow for δA0 6= 0 perturbations for the onsisteny relation of Eq. (B1) to hold.
>From Eq. (12) we obtain
− 2φA′′i + (f ′ − φ′ − ψ′)A′i −△fAi + f,ijAj − δA0′,i (B2)
+4V,IIA
2
j (ψ + f)Ai +
(
ψ′′ +
1
3
△ (φ− 2ψ) +H (φ′ + 3ψ′) + 2φa
′′
a
)
Ai = 0.
The only terms whih are not ollinear to Ai are represented by f,ijAj (it originates from △δATi =
(
δAT[i,j]
)
,j
=
(f,jAi − f,iAj),j) and δA′0,i. Sine it is not possible for f,ijA
(n)
j − δA(n)′0,i ≈ 2HδA(n)0,i to be ollinear with A(n)i for
all N vetor elds simultaneously without reating large anisotropies of the bakground, we onlude that adiabati
perturbations an't evolve independently throughout the evolution and must generate rotations of the bakground
vetors (One an also hek that tensor perturbations an't ompensate for f,ijAj term).
4
Nevertheless, as we will
see, the adiabati modes play a entral role in the evolution of superhorizon (Setion IV) and subhorizon (Setion III)
perturbations when the salar, vetor and tensor perturbations are only weakly oupled.
4
Even with dierent variations of the length f(n) ≡
δA
(n)
i
A
(n)
i
for dierent vetors the Eq. (B2) annot be satised by loal perturbations
without generating rotations.
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Appendix C: LONGITUDINAL MODE
Consisteny of the full theory of vetor ination is a subjet of the ongoing debate mainly due to the tahyoni
eetive mass of the vetor elds. In Refs. [20, 21℄, the authors have noted that the evolution of the longitudinal
omponent λ, dened as Aµ = ∇µλ+ATµ , is desribed by an ation with a wrong sign of the kineti term5. As we will
argue, suh separation of the longitudinal omponent is not generially appropriate in the full theory with gravity.
First, note that the salar urvature R ontains a surfae term with a seond time derivative. For the term RAµA
µ
in the ation these seond derivatives an be integrated out, but after the transformation Aµ −→ ▽µλ the higher
order derivatives are introdued into equations of motion inreasing the total number of degrees of freedom. As a
result, the Ostrogradsky quantization would neessarily lead to ghosts even if the eetive mass of the vetor elds is
positive.
Seondly, the separation of the longitudinal omponent is not so innoent simply beause the mode Aµ = ▽µλ
alone does not solve the equations of motion. The arguments of the Ref. [20, 21℄ refer to a massive vetor eld in
Minkowski spae-time, where the equations of motion resemble (at the lassial level) the three independent wave
equations for Ai's and one onstraint for A0 so that the eld evolutions are ompletely under ontrol.
Possible instabilities ould still arise on the quantum level, whih is a lot more deliate issue. Due to the broken
gauge invariane we have to treat our theory only as an eetive theory and one should expet the ation to be
modied at high energies. Moreover, when the Hubble sale tahyoni mass omes from the non-minimal oupling
with gravity, treating the salar urvature as a onstant number is not really justied at the small sales.
Most importantly, the elds with lower indies Ai must have some kind of instability simply beause they should
grow due to a purely oordinate eet [2℄. This is exatly the type of behavior whih was observed in [21℄. In fat,
the exponential growth of Ai's determines an exponential deay of A0 whih is preisely the behavior we have seen
in the Setion IV. Note also that after hanging the variables to Bi's the tahyoni mass disappears from the ation,
although bringing about some new ompliations like time-dependent oeients and Lorentz symmetry breaking
terms.
A detailed analysis of the stability issues will be provided in a forthoming artile [22℄.
5
Throughout the paper a dierent denition of the longitudinal omponent χ was used (See Eq. (5)).
